Constant Jacobi osculating rank of 

U(3)/(U(1) X U(l) X U(l)) 
- Appendix - 



Teresa Arias-MarcoQ 

Departamento de Matemdticas, Universidad de Extremadura, 
Avenida de Elvas s/n, 06071 Badajoz, Spain, 
email: ariasmarco@unex.es 



Dedicated to Salud Bartoll. 



Abstract 



This is the appendix of the paper [T. Arias-Marco, Constant Jacobi 
osculating rank of (7(3)/(f/(l) x f/(l) x f/(l)), Arch. Math. (Brno) 45 
(2009), 241-254] where we obtain an interesting relation between the co- 
variant derivatives of the Jacobi operator valid for all geodesic on the flag 
manifold = {]{?>) /{U[l) x (7(1) x [/(I)). As a consequence, an explicit ex- 
pression of the Jacobi operator independent of the geodesic can be obtained 
on such a manifold. Moreover, we show the way to calculate the Jacobi 
vector fields on this manifold by a new formula valid on every g.o. space. 
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Appendix 

^n(O) = -f {xlixl + xl + xl + xl) - 2{x2X6 + xaxs)^) , 

= I JxiX^ixf +xl + xl + xl) - 2{X2X6 + X3X5){xiX6 + X3X4)) , 

Juio) = I (xiXeixl + xj + xl + xl) - 2(x2Xe + .X3X5)(.xi.T5 + X2X4)) , 

^14(0) = I (xiXiixl +xl+xl+ xl) + 2{x2Xe + X3X5){X2X3 - X5Xe)) , 
^^1^5(0) = -| (x2X4,{xl + xl + xl + xf) + 2{x2Xq + X3Xr,){xiX3 - XaXq))) , 
^^16(0) = -g (x3X4{Xi +xl + xl + xf) + 2{x2Xq + X3Xr,){xiX2 - XaX^)) , 

^2^2(0) = - ! {xlixl +xl+xl + xl) - 2{xxX6 + X3Xi)'^) , 

^23(0) = 1 [xsxeixl + xj + xl + xl) - 2{xixe + X3.T4)(.xi.T5 + X2X4)) , 

^24(0) = ~i {xiX5{xl +X^+xl+ xj) + 2{XiXe + X3Xi){x2X3 - X^Xe))) , 

^^2^5(0) = I lx2X5{xl + X3 + XI + xl) + 2{xiX6 + a;3a;4)(a;ia;3 - x^xe)) , 
Jiei^) = -g {x3X5{x2 + xl + xl + xl) + 2{xiX6 + a;3a;4)(a;ia;2 - X4X5)) , 

JiaW = - ! (xlixi +xl+xl + xl) - 2{xxX5 + 2:2X4)2) , 

^^(O) = -f {xiXq{x\ + + + xl) + 2(xi.T5 + a:;2X4)(x22:3 - XsXg))) , 

^3^5(0) = ^1 {x2Xq{xI + xl+xl+ xl) + 2{xiX5 + X2Xi){XiX3 - X4,Xq)) , 
•^iei^) = i lx3X6{xl +xl+xl + xl) + 2{xiX5 + X2X^(xxX2 - x^x^)) , 

^44(0) = -! {xlixl +xl+xl + xl) - 2{X2X3 - X5Xe)^) , 

^^4^5(0) = i IxiX2{xl +xl+xl + xl) - 2{x2X3 - Xs^e) (xi^s - a;4a;6)) , 

^^46(0) = i (xiX3{xl +xl + xl + xl) - 2{X2X3 - X5Xe){xiX2 - X^X^)) , 

J55W = -f {xUxi +xl + xl + xl) - 2{xiX3 - XiXe)^) , 

•^ieW = i {x2X3{xl +xl + xl + xl) - 2{xiX3 - X4X6){xiX2 - X4X5)) , 
^66(0) = -f {4ixl +Xl+Xl + xl) - 2{xiX2 - X4X5)^) . 
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Jo = U5(0)),z,j = l,...,6, where 

Jhi^) = ^ X4{xl -xl+xl- xl){X2X6 + X3X5), 

^'2(0) = T^(^3(a:?(a:l-4xi) + a;i(4x2-a;i) + (x2-a;i)(7a;i+x2+a;i + 7.Ti)) 

+ XiX4X6{xl + 4x1 + +xl + 4x| + 7x1) - X2X5Xe{4xl +xl + 7x1 + "^^l + x^ + 7x1)) > 

JMO) = j^(-X4(xia;5+a;2a;4)(a;? + 7a;i + 4xi + a;l + 7x1+4x1)) 
+ xeix^xe + X3X5){4:xl + 7x1 +xl+ 4x\ + 7x1 + A)) , 

Ji4(0) = [A - x\ + x| - xl){xx{xix^ - 0:3X5) + x^ixix^ - X5X6)), 

Ji5(0) = Y^(x4(a;iX3-X4X6)(xf + 4xi + 7x§+x|+4xf + 7xi)) 
+ X2(x2X6 + x-iX^){\x\ +xl + 7x\ + 4x| + x| + 7x|)) , 

^ieW = Y^(a;5(a;Ka;4-4xi) + xi(4xl-xi) + (xl-xi)(7xi + xi + xl + 7xi)) 

- xiX2Xi{xl + 7x1 + + xl + 7x1 + ^Xq) - X(iX2Xs{Axl + 7x1 +^1 + 4x| + 7x1 + ^i)) > 

^2^2(0) = ^ Xr,{xl -xl+xl- xl){xiXQ + X3X4), 

^2^3(0) = ^{x^{xiX^ + X2X4){7xl+xl+4xl + 7xl + xl + Axl)) 

- Xq{xiXq + X2,X4){7x\ + 4x| + x^ + 7x| + 4x^ + x|)) , 

^2'4(0) = ^^{x^{xl{4xl-xl) + xl{xl-Axl) + {xl-xl){xl + 7xl+xl + 7xl)) 

- x2X3X5(4xf + x| + 7x^ + Axl + xl + 7x|) - X4XiX3(xf + Ax\ + 7x^ + x| + + 7x|)) , 

^2^5(0) = {xl - xl + xl- X§)(x2(XiX6 + X3X4) - X5(xiX3 + X4X6)), 

JU^) = I675(^4(.x^(4x2-x2)+x2(xi-4xi) + (x2-x2)(7x2+x2+7xl+x2)) 

+ X2XiX5(7xf + x| + Axl + "^x^l + xl + 4x1) + a;6XiX3(7x? + 4xi + x^ + 7x1 + 4xi + x^)) , 

J^si^^l = sTf ^6(^1 ^ '^2 + xl - xi)(xiX5 + X2X4), 

^^34(0) = ^(x6(x2X3-X5X6)(4xf + 7xi+xi+4xH7xi+xi)) 

+ xi(xiX5 + X2X4)(x? + 7x^ + 4x| +xl + 7x1 + ^xD) , 
JisiO) = (x6(-xiX3 + X4X6)(7x2 + 4x2 + x2 + 7xl+4x2+xi)) 

- X2(xiX5 + X2Xa){7xI +xl+ 4x1 + '^xl + xl + 4x1)) ^ 

JieiO) = {xj -xl + xl- X§)(--X3(xiX5 + X2X4) + X6(xiX2 - X4X5)), 

^^44(0) = ^ Xx{x\ -xl+ x\ - x2)(-X2X3 + X5X6), 

^45(0) = ^(x3(-x2(xl + 4xi)+xi(4xl+xi)-(x?-x2)(x2 + .^i + 7xi + 7xi)) 

+ X4XiX6(xf + 4x\ + 7x1 +xl + 4x\ + 7x1) + X5X2Xq{4xI +xl + 7x1 + '^xl + xl + 7x1)) > 
^4^6(0) = Y^(a;i(xiX2-X4X5)(xf + 7xi+4xi+x| + 7x| + 4x|)) 

- a;3(x2X3 - X5X6)(4x? + 7x^ +xl + Axl + '^xl + x§)) , 

^5^5(0) = ^ X2{xl -xl + xl- X|)(X1X3 - X4X6), 

Jk{^) = I^(a;i(-xi(xi+4xi)+xi(4xi+xi)-(xi-xi)(7x2+xi+xi + 7x2)) 

+ X5X2Xa{7xI +xl+ 4x1 + '^xl + xl + 4x1) - xqX3Xa{7xI + 4x1 +xl + 7x1 + ^xl + x|)) , 

^6^6(0) = ^ a;3(xf -xl+xl- X^)(-XiX2 + X4X5), 

(2) 
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Jo = U^(0)),z,j = l,...,6, where 



(0) = ^ (-8(x2 + + Xl + Xj + ,X? + xl){x2Xe + X3Xr,f 

+ x\(ix\ + Ixl + 7,xi + .xi + 7xi + 7;ri)(x2 + .t2 + + .r^) - 6(;r2 +x%)(xl+xl))) 
^1*2(0) = ^ (8x6 (x^ +.'r| + .x| + 0;^) (2:1X2X6 +XiX3a;5 + a:;2a;3X4) 

-X4X5((x^ + x| + x| + x| + x| + x|)2 - {x\ + a;| + a;| + x| + x| + x|)(3x§ - 5x§) 
+12 ((xf + xl)(xi + x2)-(x2+x2)2))) 

^1*3(0) = ^ (8X5(X? + x\ + X^ + x| + X^ + xi)(xiX2X6 + X1X3X5 + X2X3X4) 

-X4X6((xi + X2 + X3 + x| + X5 + Xg)2 + {x\ + + Xg + X4 + x| + X6)(-3x| + 5x|) 
+12 ((xf + xl)(xi + xi)-(xi+xi)2))) 

^14(0) = ^ (8(x? +x| +X§ +x| + x| +x|)(-X2X3 + X5X6)(X2X6 +X3X5) 

- xiX4((x2 + xf){xl + xl + xi + xi) - 6(xi + xi)(xi + xl) + 7(xi + xi + xi + xi)2) 

^^15(0) = ^ (8X3(X^ + x| + X^ + x| +X^ + X^)(XiX2X6 + X1X3X5 -X4X5X6) 

+X2X4((x^ + xi + x\ + x| + xi + xi)2 + {x\ + xi + xi + xl + xi + xi)(5xi - 3xi) 
+12((xf +xl)(xi + xi)-(xi + xi)2))) 

^^16(0) = ^ (8x2(xf + xi +xi +x| +xi + xi)(xiX2X6 + xiX3a;5 - X4X5X6) 

+X3X4((x2 + x| + xi + x| + xi + xi)2 + (x2 + + xi + x| + xi + xi)(5xi - 3xi) 

+i2((x2 + ^l)(^i + ^i)-(^i + ^in)) 

^2*2(0) = ^(-8(x2+,x-2+,T2+a;l + xi+xi)(xiX6 + X3X4)2 

+ xi((7xf + xi + 7xi + lx\ + xi + lx\){x\ + xi + xl + xl) - 6(xf + xl)(xi + xi))) 

= -h (8x4(xf + xi + xi + x| + xi + xi)(XiX2X6 + X1X3X5 + X2X3X4) 

-X5X6((x^ + xi + xi + x| + xi + xi)2 - (xf ^ x\-\- x\-\- x\-\- xi)(3x? - 5x|) 
+12((xi+xi)(xi + xi)-(x?+:^l)'))) 

^^2^4(0) = ^ (8X3(xf + xi + xi + x| + X? + xi)(xiX2X6 + X2X3X4 - X4X5X6) 

+xiX5((x^ + xi + xi + x| + x? + xi)2 + {x\ + xi + xi + x| + xi + xi)(5xi - 3xi) 
+12((xf +xl)(xi + xi)-(xi+xi)2))) 

^2^^^) = ^ (8(xf + xi + xi + xi +xi + xi)(-XiX3 +3:4X6) (XiX6 + X3X4) 

- x2X5((xi + xi)(xf + xi + xi + xi) - 6(xf + xi)(xi + xi) + 7(xf + xi + xi + xi)^) 

^215(0) = ^ (8xi(xf + xi + xi + X4 + xi + xi)(xiX2X6 + X2X3X4 - X4X5X6) 

+X3a:5((xf + xi + xi + xi + xi + xj)^ + {xj + xi + xi + xi + xi + xi)(5xf - 3xi) 
+12((xi + xi)(xi + xi)-(xf +xi)2))) 

^sIsW = §2 (8(-^i + 3 2 + xi + xi + xi + xi)(xiX5 + X2X4)2 

- xi((7x2 + 7xi + xi + 7xi + 7xi + xi)(xi + xi + xi + xi) - 6(xf + xi)(xi + xi))) 

^34(0) = ^ (8x2(x2 + xi + xi + X4 + xi + xi)(xiX3X5 + X2X3X4 - X4X5X6) 

+xiX6((xi + xi + xi + xi + xi + xi)2 + (xj + xi + xi + xi + xi + xi)(5xi - sxi) 

+12((xi+xi)(xi + xi)-(xi+xi)2))) 
^3^5(0) = ^ (8xi(x? + xi +xi +xi +xi + xi)(xiX3X5 + X2X3X4 - X4X5X6) 

+x2X6((x? + xi + xi + xi + xi + xi)2 + (xi + xi + xi + xi + xi + xi)(5xi - 3xi) 

+12((xi+xi)(xi + xi)-(xi+xi)2))) 

^3^6(0) = ^ (8(xi + xi + xi + xi + xi + xi)(-XiX2 + X4X5)(xiX5 + X2X4) 

- x3X6((xi + xi)(xi + xi + xi + xi) - 6(xi + xi)(xi + xj) + 7(xi + xi + xi + xif) 
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^44(0) = ^ (-8(.t2 + xl + xl + + :/;? + xi) (.tz.t,, - x^x^f 

+ + 7x1 + 7,t2 + ,t| + 7,t? + 7a;2)(a;2 + + + xl) - 6(a;i + + xl))) 

^^45(0) = ^ (80:6(2;^ + + 3;^ + a;| + a;^ + a:;^)(-a:ia;3a;5 - a;2X3a;4 -I- a;4X5a;6) 

-xiX2{{x\ + xl+ xl+ x'l+ xl + + (x2 x% + xl^- xl^- xl + xl){^xl - 5x1) 
+12{{xj+x^,){xl + xl)-{xl+xl)^))) 
(0) = ^ (8x5(2;^ + + x| + + X5 + a:;|)(-a:ia;2a;6 - a:2a;3a;4 -h X4X5X6) 

„ //__2 , __2 , __2 , __2 , __2 , __2n2 / __2 , „2 , „2 , ..2 , .,2 , 



-a;iX3((xi + X2 + X3 + x| + X5 + Xg)^ - (xf -h ^2 -|- a;| -|- a;! -|- a;g)(3a;2 - 5x1) 
+12{{xl + xl){xl + xl)-{xl+xl)^))) 

^5*5(0) = ^(-8(xf-|-a;i-|-a;i-hx|+xi+xi)(xiX3-X4X6)2 

+ xi((7xf + xi + 7x1 + 7x1 +xl + 7xl){xl + x§ + x| + x^) - 6(xf -f- xl)(x§ -h xl))) 

^^56(0) = ^ (8X4(X^ +X^ +x| -l-X^ + X^)(-XiX2X6 -X1X3X5 -I-X4X5X6) 

-X2X3((xf + xl+ xl+ xj+ xl + xl)^ - (xf -I- x^ -I- x§ -I- x| -I- x| -I- x|)(3xf - 5x|) 
+12((xi + xi)(x2+x2)-(xf +xl)2))) 

^6*6(0) = i (-8(a;? + Xi + xl X| + X2 x|)(xiX2 - X4X5)2 

+ xi((7xf -h 7x1 + 7x1 + '7x1 + xl){xl + x^ + x^ + xl) - 6{xl + xl){xl + xl))) 

(3) 
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Jo^ = U^(0)),z,j = l,...,6, where 

'^A = ^64^ {xj + A + xl + xl + x2 + xi ) - + - x^) (aJs^^e + a;3a;5) , 
Ji2(0) = ^^(a;? + a;| + x§ +x|)2 (x3(xl - xi) +X6(xiX4 - X2X5)) 
+ a^i + a^i + a;l + xi + x^) (x3(xf (xl - 4xi) + xi(4xl - xf) 
+ (x| - x|)(7x| + x| + x| + 7x^)) + xiXiXeixj + ixj + 7x| + x| + 4x| + 7x|) 

- X2X5X6(4x? + xl + 7x| + 4x| + x| + 7x|)) , 

^13(0) = -^^(a;?+xi+x§+xl + xi + xi)2(x2(x|-x§)+X5(xiX4-X3X6)) 
"12872(^1 +xl + xl + xl+xl + x§) (-X4(xix5 + X2X4)(xf + 7x1 + 4x§ 
+ x| + 7x1 + 4x1) + X6{x2X6 + X3X5)(4xf + 7x1 + xl+ 4x1 + 7a;5 + x§)) , 

^14(0) = {xl + xl + xl + xl + xl + xl){xl -xl + xl- xi)(xi(X2X6 - X3X5) 

+X4(X2X3 - X5X6)), 

^1^5(0) = -^{xl + A + + xl + xl +xlf {xQ{xl-xl) + X3{xiXi + X2X5)) 

"12875^^1 +xl + xl + xl-\-xl + xl) (X4(X1X3 - X4X6)(xf + 4x| + 7x| 

+ xl + 4x1 + 7a;i)) + a;2(x2X6 + X3X5)(4x? + x^ + 7x\ + 4x| + x^ + 7x§)) , 
^16(0) = -^^(a;f +a;i+x|+x| + x^ + x^)2(x5(x§-xl)+X2(xiX4+X3X6)) 
"12172(^1 + 2^2 + a;i + a;l + xi + xi) (x5(x?(xl - 4xi) + xi(4xl - x^) 
+ {x\ - a;3)(7xi + x| + x| + 7xi)) - xiX2X4(x? + 7x^ + 4x| -\-x\-\- 7x\ + 4x|) 

- X6X2X3(4xf + 7x| + x| + 4x| + 7x1 + x|)) , 

^2^2(0) = x^{x\ + x^ + xj5 + x| + x^ + x|)(xf - x§ + xl - xi)(xiX6 + X3X4), 

^23(0) = ^(■^?+-^l+a:i + a;l + xi + xi)2(xi(x2-xi)+X4(x2X5-X3X6)) 

-Y^{x\ + x\ + x2 + x2 + xi + xl) (X5(X1X., + X2X4)(7x2 + X^ + 4x1 

+ 7x1 ^x\+ 4x2)) _ x^ix^XQ + X3X4)(7xf + 4x1 + x^ + 7x1 + 4xi + x^)) , 
^24(0) = -^^(a;? + a^i + xl + xl + xi + xlf {x^{x\ - xl) + X3(xiX4 + X2X5)) 
-i2l7l(^i + + ^3 + ^\ + a^s + A) (a;6(a;^(4a;? - x^) + x\{x\ - 4x1) 
+ (xf - xl)(xl + 7x1 + xl + 7x1)) - X2X3X5(4xl + x\ + 7x1 + 4a;l + a;l + 7x1) 

- X4XiX3(xl + 4x1 + 7x1 + xl + 4x1 + ^xl)) , 

JM^) = (^1 + a;l + a;l + xl + xl + xl)(xl -xj + xj- xl)(x2(xiX6 + X3X4) 

-X5(xiX3 + X4X6)), 

Jiei^) = 3^(a;l +xl +xl + xl + xl +xl)2 (x4(xl - xl) +xi(x2X5 +X3X6)) 
-T^(^? + xl + xl + xl + xi + xi) (X4(xi(4xl - xl) + xl(xl - 4x1) 
+ (xl - xi)(7xl + xl + 7x1 + xD) + X2XiX5(7xl + xi + 4x1 + ^a^l + a;i + 4x1) 
+ X6XiX3(7xl + 4x1 + a^l + 7x1 + 4x1 + A)) ' 

^33(0) = -^1^ X6(xl+ xl+xl + xl + xl +xl)(xl- xl+xl -xl)(xiX5+X2X4), 

^34(0) = 3^(a;? + xl +xl + xl + xi +xl)2 (x5(xl - xl) +X2(xiX4 + X3X6)) 

^12875(^1 + a;l + a;l + xl + xi + xl) (x6(x2X3 - X5X6)(4xl + 7x1 + a;! 
+ 4x1 + 7a;l + xD) + xi(xiX5 + X2X4)(xl + 7x1 + 4a;l + xl + 7x1 + '^A)) > 

^35(0) = -^(a;? + a;l+xl+xl + xl + xl)2(x4(xl-xl)+xi(x2X5+X3X6)) 

"12875(^1 + A + A + -^4 + xj + xj) (x6(-xiX3 + X4X6)(7xl + 4x1 + a:! + 7x1 
+ 4x1 + a;!)) - a;2(xiX5 + X2X4)(7xl + xl + 4x1 + 7a;l + x^ + 4x1)) > 

^3^6(0) = -T^Ti (^1 + a;l + xl + xl + xi + xl)(xl - xl + xl - xi)(-X3(xiX5 + X2X4) 
+X6(xiX2 - a;4a;5)), 
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^44(0) = Xi{xl +xl + xj + xj + xl + xl){xl -xl + xl- xl){-X2X3 + X5X6), 

^45(0) = ^i^l + ^2 + 4 + A + 4+ {xz{xl - x\) + a;6(.Ti.T4 - X2X^)) 

-l2872(^? + + + xl + a;2 + xl) {x3^-x\{x\ + 4^2) + xl{^x\ + x\) 

- (x\ - x\){x\ +xl + 7x1 + Ixf}) + Xixixeixj + 4x1 + +xl + 4xi + Ixj) 
+ X5X2Xe{4:xj +xl + 7x1 + Axl + x^ + 7.x|)) , 

^ieW = -^(^1 + '^2 + A +xl+ xl + xlf {X2{xl - xl) + X5(xiX4 - XgXg)) 

~ 12871(^1 +^'2 + + a;l + a;i + a;|) (a;i(a;iX2 - XiX5){xl + 7xl+4xl + xl 
+ 7x1 + ^4)) - a;3(a;2a;3 - X5Xe){4:xl + 7x\ x| -h A.x\ 7x\ -h a;§)) , 

^55(0) = --^^X2{x\^xl+x\+x\^xl + xl){x\-xl^x\-xf){XxX3-XAX^), 

JtfM = ^(a;i+a;i-|-x§-|-xl-|-a;i-hx|)2(a;i(xi-xi)-|-X4(x2a;5-X3a;6)) 

-T^(^? + x2 + xi + x2 + xi + xi) (a;i(-xi(xi + 4xi) + xi(4xi + xl) 

- {A - ^\)^A + x\^xl + 7x|)) X5X2X4(7x? -\-x\-\- 4x1 + ^a^l + xl + 4x|) 

- X6X3X4(7xf + 4x^ +xl + 7x1 + 4x1 + A)) ' 

^66(0) = X3{xj+xl+xl+xl + xl + xl){xl-xl+xl-xl){-XiX2+X4X5), 

(4) 



